Suppose that f(s)=f(<r+it)
is defined for all o"3;0 as the sum of an ordinary Dirichlet series Z»-i a»w_* such that zZ* la»l < <*>• Then, by characterizing the regular elements of a certain Banach algebra associated with the set of all such functions, Hewitt and Williamson [3] have shown that [/(s)]""1 can be expressed as the sum of an ordinary Dirichlet series if is)}-1 = zZbnn-(<rStO), satisfying zZ\ \^A < °°, if and only if f is) is bounded away from zero in the half-plane 0-3:0. This discovery amounts to a determination of the spectrum of the Banach-algebra element associated with fis), and it thus makes available for the theory of ordinary Dirichlet series the well-known theorem of Gelfand on analytic functions of Banach-algebra elements (see §24D of [7] ) and its generalization, the Silov-Arens-Calderon theorem (Theorem 3.3 of [l] ). This paper is intended to show that the theorem of Hewitt and Williamson, together with a similar theorem for general Dirichlet series Z"-o ane^nS, can be deduced by an elementary argument from a theorem due to Phillips (stated below, in a weakened form, as Theorem 1). The possibility of such an argument arises from the circumstance that the Banach algebra considered by Hewitt then 31 is actually a commutative Banach algebra with a unit element e. For a fuller discussion of this algebra the paper of Phillips [8] and book of Hille and Phillips [6] may be consulted. A proof of the following theorem has been sketched in [8] (a full account appears in [6] Now suppose that a is purely atomic (a = a2) and that a*8 = e, where 8 has the decomposition 8 = 81+82+83 corresponding to (2) . Then the decomposition of a*8 is just the sum 012*81 + a2*Bi + cti* Bz = oc*8 = C.
Clearly a2 *8i = oi2*83=8 and a2^8. But 31 has no divisors of zero.
2 I am indebted to Professor E. Hille for drawing my attention to this theorem and for subsequently encouraging me to write this paper. I also thank the referee and Professor S. Kakutani for their criticisms and suggestions.
(This assertion is a consequence of the uniqueness theorem for Laplace-Stieltjes transforms and the fact that foe~'xy(d\) (7£31) is analytic for <r>0.) Consequently /3i=/33=0, and so /8 = /32; that is, f3
is also purely atomic. The Laplace-Stieltjes transforms corresponding to a and /3 may therefore be expressed as sums /I oo oo /» X 00 e~3Xa(d\) = Z o"<f-x"s, I e-'"fi(dp) = Z bne-^',
for o-3t0, where Zo" \an\ <°°, Zo" \bn\ < °° and where {X"}, {pn}
are both sequences of distinct points in [0, =0). One can evidently suppose that Ao=jUo = 0 and that an9^0, bn^0 (n = l, 2, • ■ ■). Suppose also that / is the set of non-negative integers. In this case its inverse /? is also purely atomic and the Laplace-Stieltjes transform Z"-o bne~""" of /3 has the property that its exponents pn all belong to the J-module generated by the set {\n: n £ J}. This corollary is immediate, because the J-module generated by the set L= {log »: » = 1, 2, ■ • • } is just L.
In order to prove the theorem one has only to show that g(s), when it exists, is the sum of a Dirichlet series. Now the elements of the Jmodule A generated by {X": «£/} can evidently be enumerated as follows:
Since, by Theorem, 2, each /z"£A, it follows that Yn=o bne~lin" is a Dirichlet series for a suitable enumeration of the /*".
3. In view of the fact that the /-modules used in the foregoing discussion are subsemigroups of the additive semigroup R+ of all nonnegative real numbers, the information provided by Theorems 2 and 3 can be summarized as follows.
For each subsemigroup T of R+, such that 0£T, let Sir denote the set of purely atomic measures in 31 that vanish on sets disjoint from T. Then 3fr is a Banach subalgebra of SI (closed with respect to the norm defined by (1) Accordingly, a has an inverse in 21 iand also in 2Ir) if and only if (i) ao5^0, and (ii) there exists a positive h<6 such that <r>cr -8 implies that fis) 5^0.
The existence of an ££2Ir whose Laplace-Stieltjes transform is f(s) is an immediate consequence of the fact that f(s) = Z"-o 5ne-x"* tor <r^0, where dn = ane~K', so that zZo I 5»| < °°. Thus, in order to prove the theorem, what we have to show is that (9) CI {/(5):*£<?} = {aQ}VJ n {f(s):<r>a-S\, However, if {o-"} is bounded (<? ^ o-" ?£ <r < oo for n = l, 2, ■ ■ ■ ) we shall see that there exists a point s' in the strip 5 -8<a<c + 5 for which f(s') =w0, and this will complete the proof of (10).
The series Z"=o ane~x"* is uniformly convergent in a -h<a<a + h by Weierstrass's AT-test (because zZo \an\ < c0). f(s) is therefore in this strip an analytic uniformly almost periodic function in the sense of Bohr a^v} it will now be enough, in order to prove (9) , to show that £= n {/(*):* ><?-«} C CI {/«:*£<?}. An application of Satz 7 of Bohr [2] shows that this corollary remains true if we allow cf = 0. f(s)g(s) = 1 for cr > ffo.
But/(s) and g(s) are continuous throughout o-^cr0 and so this equation holds for a^ffo-But now, because g(s) is bounded in the halfplane cr^cro it must follow that f(s) is bounded away from zero in the same half-plane. But by hypothesis we have, for arbitrarily small 5>0, 0£ {f(s):<r > cro-S}.
Putting <r = o"o in Theorem 4 we arrive immediately at a contradiction, and therefore conclude that Z"=o | b" | e~"n'o = co .
The task of determining cr0 for any given series is of course rarely an easy one.
Note added November 20, 1957. In conversation, Professor R. Arens has pointed out that my use of Theorem 1 is unnecessary, because a more natural proof of the first part of Theorem 2 is contained in his paper [9] . The reader should however be warned that the fourth sentence on p. 504 to [9] , though apparently relevant here, is, as it stands, incorrect (counterexample: the absolutely convergent series f(s) = l + zZn=\ ^~nPn\ where pi = 2, pn = the nth prime, has no zeros for Ogo-goc, yet inf"i0 |/(s)| =0).
Bibliography
